A systematic study of the polarization of x-gamma rays produced in Thomson and Compton scattering is presented, in both classical and quantum schemes. Numerical results and analytical considerations let us to establish the polarization level as a function of acceptance, bandwidth and energy. Few sources have been considered: the SPARC_LAB Thomson device, as an example of a x-ray Thomson source, ELI-NP, operating in the gamma range. Then, the typical parameters of a beam produced by a plasma accelerator has been analyzed. In the first case, with bandwidths up to 10%, a contained reduction (<10%) in the average polarization occurs. In the last case, for the nominal ELI-NP relative bandwidth of 5 × 10 −3 , the polarization is always close to 1. For applications requiring larger bandwidth, however, a degradation of the polarization up to 30% must be taken into account. In addition, an all optical gamma source based on a plasma accelerated electron beam cannot guarantee narrow bandwidth and high polarization operational conditions required in nuclear photonics experiments.
I. INTRODUCTION
The development of x and gamma-ray sources with large spectral flux and high tunability opens the way to applications at the frontier of science [1, 2] , allowing us to deepen the fundamental knowledge and understanding of the properties of materials and living systems by probing the matter on microscopic-to-nuclear scales in space and time [2] . Thomson [3] [4] [5] [6] [7] [8] [9] [10] and Compton sources [11, 12] are among the most performing devices in producing radiation with short wavelength, high power, ultrashort time duration, large transverse coherence and tunability. In the existing Thomson devices, with emitted photon energies below E p ¼ 100 keV, the emission is generally provided by the collision between a high energy laser and a high brightness electron beam generated by linacs or storage rings [6] , while more sophisticated schemes and interaction mechanisms are rapidly becoming a reality [13] [14] [15] [16] [17] . The most usual configuration is the head-to-head scattering, with the collision angle between the interaction beams α ¼ 180°, but also geometries with α ¼ 165°or α ¼ 90°h ave been tested [7] . The mean photon energy actually measured in the various sources ranges between 7 and 70 keV, each device presenting a wide tunability. Experiments on the source characterization [18] [19] [20] [21] , on the transmission, dark field and phase contrast imaging, computed microtomography, K-edge techniques on phantom [22] , biological [6, 23] , animal [24, 25] and human [7] samples have been then successfully performed. The Thomson source SL_Thomson [26] at SPARC_LAB (INFN-LNF) [27] is based on the backscattering between the light pulse provided by the high energy Ti:sapphire laser FLAME [28] and the beam of the photoinjector SPARC [29] . The electron beam energy E e ranges between 30 MeV and 180 MeV, producing Doppler blue shifted hard x-rays with energy E p ≈ 4E 0 γ 2 between 20 and 500 keV (E 0 ¼ 1.55 eV is the photon energy of FLAME and γ ¼ 60 the electron Lorentz factor).
As regards the existing gamma Compton sources, the facility Higs [11] , which represents the state of the art up to now, relies on the emission produced by the scattering of an electron beam and its FEL radiation. The total gamma-ray intensities (energy between 2 and 100 MeV with linear and circular polarizations) can reach more than 10 9 photons= second with few percent energy resolution.
At the Nuclear Physics Pillar of the European laser facility ELI (Extreme Light Infrastructure) [30, 31] an advanced Gamma System using a Yb:Yag collision laser is foreseen as a major component of the infrastructure, aiming at producing extreme gamma ray beams for nuclear physics and nuclear photonics. In this field, there are many strategic studies and applications for national security, nuclear waste treatment, nuclear medicine and fundamental studies in nuclear physics, dealing with the nucleus structure and the role of giant dipole resonances, with impact on astrophysics and star nucleosynthesis.
The polarization of the gamma rays is mandatory for measurements of the parity of the nuclear states, for the investigation of pygmy resonances and of the photodisintegration reactions. Measurements of the gamma polarization are usually done by analyzing the intensity spatial distribution detected on imaging plates [32] . Furthermore, the polarization of the Compton emission connected to the gamma-ray bursts and the active galactic nuclei permits us to distinguish between different emission mechanisms and to individuate the structures of the emission region.
The polarization properties of the Compton light are also usually exploited in Compton polarimeters, which are based on the asymmetry of the Compton cross section with respect to the spin of the electrons.
In this paper, a systematic study of the polarization of X-gamma rays produced in the linear regime of the Thomson and Compton scattering is presented, in both classical and quantum schemes. After a brief review of the main characteristics of the Compton scattering, we compare the classical and the quantum approaches to the radiation polarization. Numerical results and analytical considerations let us establish the polarization level as a function of acceptance, bandwidth, and energy. Few sources have been considered: the first is the SPARC_LAB Thomson device, as an example of a x-ray Thomson source, the second one, operating in the gamma range, is ELI-NP. Eventually, the typical parameters of a beam produced by a plasma accelerator has been used.
II. GENERALITIES OF COMPTON SCATTERING
The Thomson and Compton scattering is the collision between relativistic electrons and an electromagnetic field provided, for instance, by a high energy laser. The result of the process is the absorption of the colliding photons followed by emission of photons characterized by frequency upshift due to double relativistic Doppler effect. The geometry of the scattering is depicted in Fig. 1 [33] . The electron beam propagating along the z direction impinges the laser radiation in the interaction point at an angle α close to 180°.
Each electron, characterized by normalized velocity β i , scatters photons with frequency:
where ν 0 is the frequency of the incident laser photon, e k the unit vector of its direction, n is the direction of the scattered photon, h the Planck constant, and γ i the electron Lorentz factor. The last term in the denominator is related to the quantum red shift and becomes important when the Lorentz factor of the electron beam approaches the GeV, when the desired bandwidth is very thin or when the laser energy is extremely high. Formula (1) describes the frequency-angle correlation. This feature is typical of sources of this kind, and allows to adjust the bandwidth. The distributions of the radiation total energy (a) and of the emitted photon number (b) as a function of the normalized photon frequency ν ¼ ν p =ð4ν 0 γ 2 Þ are shown in Fig. 2 .
III. POLARIZATION IN THE CLASSICAL MODEL
In the classical model [34] , the electric field of the radiation in the far field approximation is given by: 
where n ¼ ðsin θ cos ϕ; sin θ sin ϕ; cos θÞ is the direction of the observer at distance R, β and _ β are, respectively, the velocity and the acceleration of the electron, and the expression is calculated at the retarded time.
The motion equation can be cast in the form:
If the laser propagation direction is along z (e k ¼ −e z ) and its polarization is linear and directed along y, the acceleration is proportional to the vector λ ¼ e y ð1 þ β z Þþ β y ð−e z − βÞ.
Supposing, for the sake of simplicity, β ¼ β z e z , in the linear limit (the velocity is considered not altered by the scattering) we obtain:
The asymmetry of the radiation spot can therefore be deduced directly from (3), because:
while:
In Fig. 3 the profiles of the radiation along x and y are shown.
The relevant Stokes parameter S 3 is therefore:
and it vanishes at z ¼ R along the four curves:
Formula (6) can be analyzed in the limit θ ≪ 1=γ (γ sin θ ≪ 1) giving:
while, if θ ≥ 1=γ (γ sin θ ≫ 1):
showing the typical structure of a double cross. The central part of the pulse, within the 1=γ circle, has almost the same polarization of the laser beam. At the border and outside this circle, the polarization changes, forming optical vortexes. Along the diagonals, polarization along x is dominant. Figure 4 represents the Stokes parameter for linear polarization as given by a classical Thomson code [35] on a screen, with electron beams with energies of 5 MeV, 53 MeV, 530 MeV and 2 GeV. The portion of the screen shown in the figures scales as 1=γ. With increasing γ, the polarization presents an almost complete similarity. Instead, the intensity, with increasing γ, develops a more pronounced dipolar structure and higher wings. For a circular polarization, the Stokes parameter:
with E r and E l clockwise and counterclockwise components of the electric field, vanishes on the circle:
and the profiles along ξ ¼ x; y are given by: FIG. 3 . Distribution of the radiation intensity along x (red) and y (blue).
In the linear approximation, the radiation intensity (4)-(5) and (11) are proportional to the laser intensity jE L j 2 , while the Stokes parameters (6) and (10) turn out to be independent of it.
The addition of an emittance to the electron beam can be analyzed by supposing that the velocity of the ith electron exhibits all components β ¼ β x e x þ β y e y þ β z e z with β x;y ≪ 1.
The components of the electric field can be written as:
Summing over all electrons, we can express the components of the electric field and hence the Stokes parameters as a function of the emittance ϵ x;y ≈ Δβ x;y σ x;y .
Misalignment and angular displacements of the photons due to jitters or alignment error between the source and the collimator produce a further degradation of the polarization. Angular displacements can be treated in a way similar to the emittance, introducing in the electric field the components of the electron velocity: β x ¼ β sin θ 0 cos ϕ 0 , β y ¼ β sin θ 0 sin ϕ 0 , β z ¼ β cos θ 0 , θ 0 and ϕ 0 being the angles between the axis of the electron beam and the axis of the collimator. The following expression, obtained by summing over all electrons, gives the dependence of the average value of the modulus of the Stokes parameter on the angular jitters as a function of θ 0 and ϕ 0 :
IV. POLARIZATION IN THE QUANTUM TREATMENT
An analogous study can be done within the quantum model. The cross section in the electron rest frame can be written as:
In the laboratory frame, instead, we have: and:
where the function X is
with:
The first three terms of Eq. (12) are not depending on polarization, while the last one depends on both laser and radiation polarization.
By expressing the radiation polarization versor e p through two versors perpendicular to n, e p1 ¼ − sin ϕe x þ cos ϕe y , and e p2 ¼ cos ϕ cos θe x þ sin ϕ cos θe y − sin θe z , the Stokes parameter S 3 is defined as: 
Supposing that, as before, β ¼ β z e z , e 0 ¼ e y , e k ¼ −e z , and that the last three terms in the denominator are negligible, the direct calculation of the Stokes parameter lead to:
expression analogous to Eq. (6). The average value of the Stokes parameter over the collection area for γθ ≲ 1 is given by:
and in terms of the bandwidth bw:
V. NUMERICAL RESULTS
Three typical examples are presented. First the case of the Thomson source SPARC_LAB with parameters similar to those used in the first stage of the experiment [36] , then the case of the gamma source ELI-NP. The third case is a source based on a typical electron beam obtained by plasma acceleration.
A. Thomson Source SPARC_LAB
The polarization of a Thomson source have been studied in the linear classical framework [35] . Typical parameters of the electron beam and laser are summarized in Table I (line 1) and recall the specifics of the SPARC_LAB source in the first phase of operation. The laser parameter The electron beam has been simulated by T-STEP [37] and ASTRA [38] , with a charge of 250 pC and a final focus of about 20 μm rms. The collision results in a photon yield larger than 10 6 in a bandwidth of about 5%. A strong level of polarization in the bandwidth has been obtained, as shown in Fig. 5 , where the total number of emitted photons (a), the relative bandwidth (b) and the average Stokes parameter with a linearly and circularly polarized laser (c) are shown as functions of the acceptance angle. The variation of the acceptance angle simulates the presence along the radiation beam line of a collimator that selects only part of the radiation and permits us to control the bandwidth.
B. Compton source ELI-NP
The polarization of the ELI-NP source [31] has been studied with CAIN [39] , which is a Monte Carlo code based on the Volkov solution of the Dirac equation. The reference electron beams for various working points and the nominal laser parameters and interaction conditions [30] have been used (see Table I ). In particular, in our calculations, the laser is considered 100% polarized [40] . Since, however, the expected laser polarization at ELI-NP is higher than 98%, the effective polarization figures reported in graphs and tables should be normalized by this factor. The polarization degree is connected to the momentum distribution of the photons, so the polarization shape appears only after propagation of the photons up to the far zone. Figure 6 gives the distribution on the screen of the Stokes parameter and of the photon intensity in the far zone, with photons at 10 MeV for linear and circular polarization, showing a pattern very similar to the classical case. Figures 7 and 8 give the photon number, the relative bandwidth, and the average values of S 3 and S 2 as a function of the acceptance angle θ for the working points at 2 MeV and 10 MeV. The average values of flux and of the Stokes parameters hS 3 i and hS 2 i for both linear and circular (9) ], the depolarization increases with the bandwidth, reaching 15% at bw 2 ¼ 0.2 in the case of linear polarization and also more than 30% for circular polarization, a situation which appears to be quite critical for users requiring tight control of the polarization of the source.
In Fig. 9 , a synthetic view of both intensity and polarization is shown for several ELI-NP working points.
C. Typical beam produced by a plasma accelerator
Plasma accelerated electron beams have been recently generated and measured [13] . Typical value of the parameters are 120 pC of charge and a transverse rms dimension of about 1.5 μm. The interaction with a laser field has produced about 10 8 photons with a spectrum extending up to 100 MeV with a divergence of 18 mrad. We have assumed a beam of this kind, with emittance of 1 mm mrad and an energy spread of 1%, interacting with a laser similar to that of the previous ELI-NP case.
In Fig. 10 the photon flux, bandwidth, and Stokes parameter are reported, while Fig. 11 presents the intensitypolarization graph of the radiation. The strong focusing of the electron beam leads to a considerably high flux. However, the not negligible value of the emittance, connected to the presence of large transverse momenta, makes the bandwidth always larger than about 30%. Despite the small energy spread, the large value of the minimum bandwidth is set by the angular spread of the electron beam. As a consequence of the emittance, also the polarization deteriorates. The modulus of the Stokes parameter, in fact, is never higher than 80%. These estimates lead to the considerations that an all optical gamma source based on a plasma accelerated electrons cannot guarantee the narrow relative bandwidth (∼0.5%) and the high polarization (≳98%) conditions required in nuclear photonics experiments.
VI. CONCLUSIONS
We have studied the polarization variation in the two typical situations, the X rays Thomson source at SPARC_LAB and the gamma source ELI-NP. In the first case, with bandwidths up to 10%, a contained reduction (<10%) in the average polarization occurs. In the last case, for the nominal ELI-NP bandwidth 5 × 10 −3 , the polarization is always close to 1. For applications requiring larger bandwidth, however, a degradation of the polarization up to 30% must be taken into account. In addition, an all optical gamma source based on a plasma accelerated electron beam cannot guarantee narrow bandwidth and high polarization operational conditions required in nuclear photonics experiments.
